On large scales, the anisotropies in the cosmic microwave background (CMB) reflect not only the primordial field but also the energy gain when photons traverse decaying gravitational potentials of large scales structure, the Integrated Sachs-Wolfe (ISW) effect. Decomposing the anisotropy signal into a primordial piece and an ISW component is more urgent than ever as cosmologists strive to understand the Universe on the largest of scales. Here we present a likelihood technique for extracting the ISW signal from measurements of the CMB, the distribution of galaxies, and maps of gravitational lensing. We test this technique first to simulated data and then we apply it to the combination of temperature anisotropies, the lensing map made by the Planck satellite, and the NVSS galaxy survey. We also show projections for upcoming surveys.
I. INTRODUCTION
One of the lingering cosmological mysteries is the structure of the Universe on the largest observable scales. There are maddeningly few handles on this ultra-large scale structure, and the primary observational source of information -anisotropies in the cosmic microwave background (CMB) -has produced as much confusion as clarity. Indeed the power spectrum of the temperature anisotropies appears to be lower than expected on the largest scales, and the moments are aligned with a so-called "Axis of Evil" [1] . Additionally some regions of the sky are colder than expected [2] and an hemispherical asymmetry in the large scale power spectrum [3] seems to be present. Furthermore the recent BICEP2 results [4] point to another potential anomaly: the possibility that gravitational waves are produced in the early universe but do not leave a clear signature in the temperature anisotropy. One can even speculate that the observed acceleration of the Universe is also a very large scale effect so might be related to these other anomalies.
For each of these, solutions have been proposed, but cosmic variance limits the number of measurable modes so makes it particularly difficult to determine whether these anomalies are real or simply statistical fluctuations, and if the former, to pinpoint the underlying physical cause. One possible way to make headway is to decompose the large scale anisotropy field into a primordial part that reflects the conditions in the Universe at very early times and a late-time component due to secondary effects caused by the interaction of CMB photons with the large scale structures of the universe. If we can achieve this goal, we can at least reduce the set of possible explanations: if an anomaly can be attributed to late-time effects, then primordial explanations can be eliminated.
On these very large scales, the main secondary effect is the late Integrated Sachs-Wolfe (ISW) effect [5] . Climbing in gravitational potentials, the CMB photons get blue-shifted and, if potentials are static as expected in a matter dominated universe they get red-shifted by the same amount when they climb out, resulting in a zero net effect. However at low redshift, during the accelerated expansion of the universe, the gravitational potentials decay with time, changing the energy of the photons.
Here we describe a way of extracting a map of the ISW signal -i.e., the part of the CMB temperature anisotropy map that is due to the ISW effect -that uses information not just from the CMB, but also from external maps of large scale structure . Indeed maps of the distribution of galaxies and maps of gravitational lensing are in principle correlated with the ISW signal since it is precisely the over-dense regions in these maps that produce the ISW effect. We propose an optimal way to flexibly combine all this information and extract the desired signal adopting a likelihood approach. §II describes this method; §III presents the calculations needed to implement it; §IV the data sets used. §V presents our main results, first testing our technique on simulated maps, then applying it to 3 current data sets -the Planck temperature map; the Planck map of gravitational lensing obtained from the quadratic estimator of small scale anisotropies; and a map of radio galaxies measured in the NVSS survey -and finally showing projections for upcoming surveys. Conclusions are given in §VI.
II. OPTIMAL MAP ESTIMATOR
The observed CMB temperature anisotropy can be decomposed into
where T p is the primordial CMB generated at the last scattering surface; T ISW is the late-time integrated Sachs-Wolfe effect uncorrelated with the primordial signal; and T n represents instrumental and atmospheric noise. Each of these three components is assumed to be uncorrelated with the others and drawn from a Gaussian distributions with mean zero and a known covariance matrix. Therefore, the combination
will be distributed as a Gaussian with covariance matrix C ≡ C p + C n , i.e., equal to the sum of the covariance matrices of the noise and the primordial CMB.
So, the likelihood of obtaining CMB data as a functional of the ISW contribution is:
This is still shorthand since the temperature is measured at many different points on the sky. Throughout, we will decompose the fields into spherical harmonics, so that
We are also assuming that the covariance matrix for the a lm 's depends only on l.
If the CMB temperature were the only data set we were using, we could still improve on this likelihood by including a prior on T ISW : it too is drawn from a Gaussian distribution with mean zero and a covariance matrix that (as we will see in the next section) is straightforward to compute. If other data sets that trace the large scale structure were available, these could be included in the likelihood as well. Indeed T ISW is correlated with these data sets, so forming a vector d that contains first T ISW and then the various tracers, the combined likelihood would be the product
where D is the covariance matrix of the vector d. To be concrete, suppose d includes two tracers of large scale structure, a map of galaxy over-densities δ g , and a map of the projected gravitational potential δ φ , so that
where here the decomposition into spherical harmonics is explicit. The covariance matrix in this 3D case is
This gives us the first line of Eq. (4) . Similarly the argument of the exponential on the second line of Eq. (4) would contain a 
where
estimates the reconstruction variance, being the second derivative of the log of the likelihood. This estimator can be easily extended. If there are n tracers of large scale structure, such as galaxies in different redshift slices and maps from gravitational lensing, then the estimator generalizes tô
with the variance still given by Eq. (8) .
Note that Eq. (9) reduces to ISW estimators that can be found in the literature for specific subsets of external tracers. [19] , and using alternatively lensing information or one galaxy bin together with CMB temperature data we recover the estimator proposed [20] and successfully used to reconstruct the ISW map in [22] and [23] .
III. THEORETICAL COVARIANCES
The fiducial gaussian covariances in Eq. (9) can be computed theoretically. Here we present the general calculation for the covariance in multipole space of two 2D fields. A random field defined on the sky δ(n) includes information from the full 3D field δ( x, t) integrated along the line of sight:
where χ is the comoving distance along the line of sight; δ is the 3D matter over-density; and W X (χ) is a weightingwindow function specific to the field X. Along the line of sight, δ is evaluated at 3D position x and time t determined by the radial position χ and angular positionn. In the small sky approximation, for example, x = [χn, χ], but we will work in the full sky expressions because most of the signal of interest is on large scales. We will consider three sets of 2D fields in this paper: the density of galaxies in different redshift slices, the ISW signal itself, and the projected gravitational potential along the line of sight inferred from maps of lensing. Let us focus on the window function for each of these fields.
The window function for galaxies is simplified by the fact that on large scales the bias between the galaxy density and matter density is independent of scale. Therefore, we set
where b i is the bias of the sample i and dN i /dχ is the differential number of galaxies in this slice as a function of χ, normalized so that its integral over χ is one. The bias can be fixed given a background cosmology by using the auto-correlation function. The ISW signal is sensitive to changes in the gravitational potential along the line of sight:
is the optical depth out to distance χ. Practically, we can set τ to zero all the way back to recombination and then to infinity at larger distances. For perturbations sufficiently within the horizon, the potential can be related to the matter fluctuations δ in Fourier space via the Poisson equation
where H 0 and Ω m are respectively the today values of the Hubble constant and the ratio of the matter density to the critical density. On large scales the over densities evolve as δ(z) = δ(z = 0)D(z), where we normalize the growth function D so that it is equal to one today. Therefore, the window function depends on wavenumber as well as χ:
where the step function prefactor sets the window function to one all the way back to the last scattering surface at χ * .
Gravitational lensing probes the integrated gravitational potential back to the sources with a weighting factor:
Here we will focus on lensing maps made from the CMB (for a review see [31] ), so that the sources are at χ s = χ * , the last scattering surface. Moving to Fourier space and converting the potential to the overdensity using the Poisson equation then leads to the lensing window function,
Each of these fields δ X (n) on the sky can be expanded in spherical harmonics with coefficients given by
To carry out the integral we Fourier transform the integrand of δ X and then use the spherical harmonics plane wave expansion to arrive at
with
Note that δ in Eq. (18) is evaluated at the present, since the time dependence is governed by the growth function
where P (k) is the matter power spectrum today. The covariances in the full covariance matrix D from signal are now determined. The remaining issue is to include the noise in the measurements of the auto-spectra of a g lm and a φ lm . Because the main source of noise in estimating the galaxies density is Poisson, we need to modify Eq. (20) so that
where n L is the surface density of sources per steradian. Similarly, the auto-spectrum of gravitational lensing obtained from the CMB is modified using the expression for the reconstruction noise first obtained in Ref. [32] .
IV. DATA SETS
In order to reconstruct the ISW signal we need sky maps of the CMB temperature anisotropies and of large scale structure tracers as well as a fiducial cosmological model to compute the theoretical covariances derived in §III.
For the CMB temperature, we use the SMICA map released by the Planck collaboration [33] . This map is produced by linearly combining all the Planck input channels (from 30 to 857 GHz) with weights that vary with the multipole. At the angular scales we are considering, it is essentially limited by cosmic variance and foreground subtraction uncertainties. Because we are trying to reconstruct a large scale effect we do not need the high resolution the data are released in, so we downgrade the map using HEALPIX [34] to a resolution of of N side = 32 ( Fig. 1 ) which corresponds to 12288 pixels of equal area. The second essential element of our reconstruction algorithm is a collection of sky maps of large scale structure tracers. We use the lensing potential reconstructed with CMB temperature information and a tracer of the matter density.
The lensing potential map together with the reconstruction noise was also distributed as a part of the Planck public data release [33] . We refer to [35] for a detailed description of the technique applied to reconstruct it from the temperature anisotropies of the CMB. We normalize the distributed map of the un-normalized lensing potential estimator following [35] . Fig. 2 shows the obtained map downgraded to the same resolution as the temperature map.
We use Luminous Active Galactic Nuclei as fair tracers of the matter density matter field. These are very powerful sources and can be detected, for example in the radio band, out to high redshift. As a consequence they probe the large scale gravitational potential wells during the onset of the dark energy-driven accelerated expansion of the universe that generates the ISW effect. In particular we use data from the NRAO VLA Sky Survey (NVSS) [36] , a radio survey with enough sensitivity, redshift depth, and most importantly sky coverage to correlate with the ISW signal. Summarizing its features briefly, this survey covers the northern hemisphere sky up to an equatorial latitude of b = −40
• and detects approximately 1.4 × 10 6 sources above a flux threshold of 2.5 mJy. Unfortunately the NVSS catalogue is known to be affected by a declination angle dependence in the mean number of observed galaxies due to the use of different radio telescope array configurations for observations at different angles. To mitigate this problem, we apply a lower flux cut of 10 mJy at the catalogue taking advantage of the fact that more luminous sources are known to be less affected by this systematic (see [37] ). This approach reduces our sample to 8 × 10 5 sources and a surface density of ≈ 16 deg −2 . At this point we use the RA and DEC positions of the remaining sources to create a pixelized map of the number of observed galaxies using HEALPIX [34] . Afterwards we mask a region of ±7
• from the galactic plane to avoid possible contamination from the Galaxy and the portion of the sky from the equatorial south pole to declination −40
• which constitutes the blind spot of the survey. The final mask covers 28% of the sky. Subsequently in each pixel we substitute the number of observed galaxies n g with their overdensities using the definition δ g ( x) = ng( x)−n n . Finally we downgrade the map to N side = 32 obtaining the sky map showed in Fig. 3 .
However to model the correlation between galaxy overdensities and the other fields through Eq. (10) we also need to know how these tracers are distributed as a function of redshift, Eq. (11). It is very important to deal properly with this uncertainty because both the modeling of the ISW-galaxy cross correlation C gISW and the NVSS angular power spectrum itself used in our reconstruction algorithm are very sensitive to the redshift galaxy distributions. The NVSS survey does not measure the individual redshift of the sources and the optimal approach to model the redshift distribution of these radio sources have been a subject of debate in the literature.
Historically, early ISW analysis using the NVSS catalogue [29] [30] modeled the redshift distribution using the radio luminosity function Φ(L, z) of Dunlop & Peacock [38] . More recently [39] the NVSS redshift distribution has been obtained by cross-correlating the NVSS catalogue with other galaxy surveys with known redshift using a gamma distribution as template. Finally this problem has been approached taking advantage of the Combined-EIS-NVSS Survey of Radio Sources (CEN-SORS) [40] . This survey contained a sub-sample of 149 NVSS sources above 7.2 mJy within a 6 deg 2 patch in the ESO Imaging Survey (EIS) for which the redshift has been obtained spectroscopically or through the K-z relation. This is assumed as a fair sample of the redshift distribution and fitted firstly with a polynomial function [41] and recently with a gamma distribution. We refer the reader to [37] for a detailed analysis of NVSS properties and a comparison of different NVSS redshift distribution models using Bayesian evidence. Here we parametrize the redshift distribution using the best fit of [37] , a gamma distribution
with α = 0.36 and z 0 = 0.32. The value of the parameter n 0 is chosen to normalize the total distribution to unity. The resulting distribution is shown in Fig. 4 . As a final step, as a cosmological fiducial model, we chose the six parameters flat ΛCDM model that best fits the Planck+WP+lensing data combination [42] :
.118, 0.0223, 1.04167, 0.0947, 0.968, 2.215}.
V. TESTS AND RESULTS

A. Mock dataset reconstruction
We start by applying our reconstruction technique to a simulated dataset composed of maps of the lensing potential, CMB temperature and galaxy overdensity. Having knowledge of the input ISW map allows us to test our reconstruction procedure. We will show both how to interpret the results obtained with current data and possible improvements with future datasets.
To generate the mock datasets we first compute the theoretical auto and cross power spectra of the fields (ISW, CMB lensing and galaxies) from Eq. (20) with the exception of the primordial CMB temperature anisotropies obtained using CAMB. A galaxy survey is characterized through its window function, Poisson noise and binning method. We use the redshift distribution dN/dz of the NVSS sample defined in Eq. (22) (22) without any slicing applied. The mock data were created using the forecasted Dark Energy Survey (D.E.S) galaxies redshift distribution. To show how the redshift slicing in Eq. (24) works, the D.E.S redshift distribution is showed (using bars) after a convolution with three different slicing window functions. We do not use a top hat cut in redshift to take into account photometric uncertainties.
distribution. We assume the galaxy bias b i is constant on the large scales of interest. Being constant, it can be determined using the auto-correlation of the galaxy map (assuming the underlying cosmology). We use the computed power spectra to generate, for each field X, a realization of the associated spherical harmonics coefficients a Finally we add to the primordial CMB the ISW map to mimic what we expect, on large scales, the observed CMB to look like. The observed CMB map, together with the noisy maps of CMB lensing and galaxy overdensities, properly correlated with each other, serve as our datasets.
An example of the reconstructed map from an NVSSlike survey, and a CMB lensing potential with the same reconstruction noise and the same multipoles ( > 10) as the one released by the Planck collaboration, and Planck temperature maps is shown in Fig. 5 . The reconstruction using all 3 datasets (Panel (b)) shares a number of the visual features apparent in the input map (Panel (a)). Panel (c) shows that very little of this information comes from the lensing potential maps, not surprisingly given the low-cut-off. Rather, most of the agreement stems from the information contained in NVSS, as is apparent in the agreement of the map reconstructed from NVSS only (d) and that from all 3 datasets (b).
Another way to inspect the quality of the reconstruction is to compare the ISW signal in the reconstructed map with the input map on a pixel by pixel basis. This scatter plot is shown in Fig. 6 . If the reconstruction were perfect, the points would be scattered around the dashed curve for whichT ISW = T ISW . Although there is a clear trend of correlation, the overall agreement falls short, with the slope of the points smaller than unity.
A more quantitative way of estimating the quality of the recovered signal is to compute the correlation coefficient ρ between the input and the reconstructed map, defined as: (23), ρ quantifies the quality of the reconstruction. When not otherwise specified we use multipoles from min = 3 to max = 80. For the galaxy survey, the redshift distribution is modeled following either the Dark Energy Survey (DES) with two or three redshift bins or the one-bin NVSS galaxy surveys. The lensing noise is the one released by Planck.
where ISW (ĨSW) is the input (reconstructed) ISW map and σ is the variance of the map. Tab. I shows the value of ρ, averaged over 8000 simulations, for different datasets. The final row shows that, for these mock datasets, the mean value over all of simulations is ρ = 0.58. The realization depicted in Fig. 6 had ρ = 0.56, consistent with the visual sense that the slope was about half of its perfect value. The line labelled "Lensing ... l min = 10" in the Table shows that the correlation is indeed very small (ρ = 0.22 − 0.27 depending on noise) if only the lensing map is used, while temperature alone leads to ρ = 0.39. The galaxy map only leads to ρ = 0.47, not far from the the full information contained in all the maps. Clearly adding external maps, especially those that trace the galaxies, is a powerful way to extract more information about the ISW signal. The current lensing map is limited not only by noise but mostly by the absence of the low-multipoles. Running simulations, we found that the absence of the multipoles < 10 in the lensing map reduces by a factor of 2 the coefficient ρ for lensing alone, making it less efficient than the CMB temperature itself. 
B. Real Maps
We now reconstruct an ISW map using real data. As described in §IV we use the NVSS radio galaxy survey data, the CMB temperature and the CMB reconstructed lensing potential data from Planck. The covariances contained in Eq. (6) were computed from Eq. (20) . We assume that the galaxy bias is scale-independent and determine it as a free parameter that minimizes the chi-square between the NVSS power spectrum and the theoretical one. We obtain a value b g 1.96 consistent with previous results [39] .
The variance of the reconstruction for each multipole, as derived in Eq. (8) , is presented in Fig. 7 normalized to the prior given by C ISW . The top-most curve shows that the variance can be reduced by about 20% if both NVSS and the lensing map are used; 30% if the temperature and lensing maps are used; and 40% if all three datasets are used.
The reconstructed maps 1 are shown in Fig. 8 and are in good agreement with previous literature [22, 23] . As expected from simulations, the optimally reconstructed map (Panel a) is similar to the one constructed from NVSS (Panel d), as the galaxy map contains the most relevant information, especially given the low-cut-off in the lensing map. It is reassuring that the map constructed 1 The maps are available at http://astro.uchicago.edu/~manzotti/isw.html from the CMB temperature (Panel c) shares many of the large scale features evident in the map from NVSS. Also shown in Fig. 8 is the location of the Cold Spot in the CMB. With these datasets, we estimate that the ISW component of the Cold Spot is significantly less than 10µK. This is an interesting piece of information that agrees with and complements earlier results [19, [43] [44] [45] , who found that between 10 − 20µK could be contributed by low redshift structures, particularly a void at z 0.2. Given the redshift distribution shown in Fig. 4 , it seems unlikely that our analysis would pick up contributions from structures at such low redshifts. Therefore, our results strengthen the case that any late time imprints that might be responsible for the Cold Spot are likely to be at z < 0.3. We conclude by studying how future surveys will help in reconstructing the ISW signal.
While the CMB temperature maps on large scales are unavoidably limited by cosmic variance and primordial signal, the CMB lensing reconstruction is limited by noise. This will be improved when data from future CMB polarization surveys are included in the lensing reconstruction [46] . To account for this anticipated improvement, we have reduced the lensing reconstruction noise by a factor of two compared to the current Planck lensing map, and we assume that all multipoles will be available, not just l > 10.
It is also evident that it will be very important to combine galaxy probes at different redshifts in the future. To make our projections concrete, we characterize the galaxy survey with the expected redshift distribution dN/dz from the ongoing Dark Energy Survey. The procedure is exactly the same as described in §V A, apart from the fact that we want to slice our survey in different bins. We model the redshift binning process by assuming photometric redshift estimation gaussianly distributed around the true value with a rms fluctuation σ(z) 0.05(1 + z). In this case, a top hat cut in redshift results in a smooth overlapping distribution in actual redshift. Consequently W i (z), the selection function defining the i th slice, has a galaxy distribution [47] :
where ∆, the width of the bin, is chosen to cover properly the entire redshift range once the number of bins is given. Finally, we require that W i (z)dz = 1. The window functions for 3 redshift bins in DES are shown in Fig. 4 . The reconstructed map from these datasets -current temperature, improved lensing, and binned DES -is shown in Fig. 9 
FIG. 8:
Reconstruction procedure applied to real data as described in §V B. The reconstruction uses multipoles from min = 3 to max = 80 except for lensing potential information available only for > 10. The location of the Cold Spot is highlighted in the maps. The mask is the NVSS mask combined with the gravitational lensing one released by Planck.
the galaxy survey improves the reconstruction, as long as there are enough galaxies in each redshift bin to keep the shot noise contribution of Eq. (21) small.
VI. DISCUSSION
The Integrated Sachs-Wolfe effect is the main secondary effect on the CMB temperature anisotropies at large scales. It is not only one of the most direct probes of dark energy properties but it can also be seen as a source of contamination for the primordial CMB anisotropies. For example it can be, at least partially, the cause of some of the large scale anomalies found in the CMB temperature data [24, 43, 44] .
In this work we have investigated the reconstruction of the ISW signal map and its uncertainties using a likelihood technique able to combine different large scale structure tracers. In particular, we make use of the lensing potential reconstructed from its effect on CMB anisotropies and the distribution of galaxies in the NVSS survey. We test our technique on simulated datasets, comparing the true ISW map with the reconstructed one.
We show that, at the moment, galaxy surveys and the temperature map contain the most relevant information about the ISW signal. Including maps of the lensing potential does not significantly improve the reconstruction. This is not surprising since the current lensing maps are limited by noise and the absence of the low multipoles ( < 10), on precisely the scales where the correlation between ISW and lensing is largest. However lensing will soon become powerful once the noise limitation will be alleviated by CMB polarization information. For example a reduction of the noise by a factor of two, which is a reasonable goal for the next release of Planck, will improve the reconstruction from lensing by almost 30%. Moreover a better understanding of mean-field subtraction effects at low multipoles will extend to larger scales the available lensing information greatly enhancing the ISW reconstruction (see Tab. I).
Additionally future galaxy surveys, allowing us to use different redshift bins, will improve considerably the reconstructed signal. In the future, as the datasets become larger, combining them optimally will be crucial to enhance the quality of the reconstruction. This is indeed one of the main motivation of this work.
Finally we have applied our technique to real data taking full advantage of the NVSS galaxy distribution, the Planck lensing potential and the Planck CMB temperature. The reconstructed ISW map is shown in Fig. 8 . Our technique was able both to recover results consistent with the literature [22, 23] if limited to information coming from CMB lensing or galaxies distribution and to get a more accurate reconstruction when the entire dataset is used. All the reconstructed maps will be made available for download at http://astro.uchicago.edu/ manzotti/isw.html.
